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Letf: {1,3,4} - {1, 2,5} and g: {1, 2, 5} - {1, 3} be given by f = {(1, 2), (3,5), (4, 1)} and g = {(1, 3), (2, 3),
(5, 1)}. Write down gof.

The functions f: {1, 3,4} - {1, 2, 5} and g: {1, 2, 5} — {1, 3} are defined as

f=1{(1,2),(3,5), (4 D}andg={(1,3),(2,3), (5 D}

sor (1) = 8 (1(1)) - 8(2) = 3 [1(1) = 2andg (2
gof (3) =g (f(3)) = g(S) =1 :f(3) =5andg (5)
gof (4) = g (f(4)) = g(1) =3 :f(4) = landg (1)

~ gof = {(1,3),(3,1), (4,)3)}
Let f, g and h be functions from R to R. Show that

(f + g)oh = foh + goh

(f.g) oh = (foh).(goh)

(f + g) oh = foh +goh

Consider:

((£ + g)on)(x)

(2(+))
)(x) + (goh) (x)
{(foh) + (goh)}(x)
((F+ g)oh)(x) ={(foh) + (goh)j(x)

Hence (f + g) oh = foh + goh.

To prove:

(f-g)oh = (foh)-(goh)




{(goh) (goh)}(x)VxeR
Hence, (f g)oh - (foh)-(goh).

(i) f(x) = ‘X‘ and g (X) = ‘5X - 2‘
(ii) f(x) = 8x® and g(x) = X1
- (1) f(x)=[xland g (x)=px~2|
( (x))=g(11)=/sfx}-2

= £ 5x—2|)=H5x = 2\\:\5x -2

(4 +3)
(6x 4)

2
show that f o f(x) = x, for llX;t3 . What is the inverse o

If()

Ux+3) 2
(6x-4)" 3

4 3
(oD () = (fC9) = (= i 2)

s. Itisgiven that f(x)=




4x + 3
(m)+3_16x+ 12+ 18x—12  34x

(6x+3)_4_24x+18—24x+16_ﬁ:X
6x —4

2
Therefore, fof (x) = x,forall x # 3

= fof =1

Hence, the given function f is invertible and the inverse of fis fitself.

State with reason whether following functions have inverse

() f:{1,2, 3,4} > {10} with

f={(1, 10), (2, 10), (3,10), (4, 10)}

(i) g: {5,6,7,8} = {1, 2, 3, 4} with

g={(54),(6,3),(7,4), (8 2)}

(iii) h: {2, 3,4, 5} = {7, 9, 11, 13} with

h={(2,7),(3,9), (4 11), (5,13)}

() f:{1,2, 3,4} - {10}defined as:

f={(1, 10), (2, 10), (3, 10), (4, 10)}

From the given definition of f, we can see that f is a many one function as: f(1) = f(2) =
f(3) =1f(4) =10

~fis not one-one.

Hence, function f does not have an inverse.

(i) g: {5,6,7,8} > {1, 2, 3, 4} defined as:

g={(5,4),(6,3),(7,4), (8 2)}

From the given definition of g, it is seen that g is a many one function as: g(5) = g(7) =
4,

~gis not one-one,

Hence, function g does not have an inverse.

(iii) h: {2, 3, 4,5} = {7, 9, 11, 13} defined as:

h={(2,7),(3,9), (4, 11), (5,13)}

It is seen that all distinct elements of the set {2, 3, 4, 5} have distinct images under h.
~Function h is one-one.

Also, h is onto since for every element y of the set {7, 9, 11, 13}, there exists an
element x in the set {2, 3, 4, 5} such that h(x) =y.

Thus, h is a one-one and onto function. Hence, h has an inverse.

Show that f: [-1, 1] - R, given by is f(x) = ( X 2 one-one. Find the inverse of the function f: [-1, 1] -
X+

Range f.




X X
Hint: For y €Range f, y = f(x) = for some xin [—1, 1], i.e., f(X) =
( y gefy=f(x) x+2) [-1,1] (x) x+2)

f: [-1,1] » Ris given as f(x) = ( & 3
X+

f: [-1,1] - Ris given as
Let f(x) = f(y).

X y
= x+2 m
= Xy + 2x = Xy + 2y
= 2x =2y
>X=y
=~ fis a one-one function.
Itis clear that f: [-1, 1] — Range f is onto.
~ f: [=1, 1] - Range f is one-one and onto and therefore, the inverse of the function:
f: [-1, 1] - Range f exists.
Let g: Range f —» [—1, 1] be the inverse of f.
Lety be an arbitrary element of range f.
Since f: [—1, 1] — Range fis onto, we have:

y = f (x)for same x € [-1,1]
X

:y:x+2

= xy+ 2y =X

=>x(1—-y)=x

2
:x=—y,y¢1.
1-y

Now, let us define g: Range f » [—1, 1] as

W= yx1
B ==y * 1

ZY)ZZ(X-I-LZ)

Now, (gof) () = g(f()) = g

1-y X

, =
(fog) ) = f(g) = f<1 = y) B

=~ gof = [-1,1 and fog = IRangef

2y
= f_l(y) =——,y #1
1-y




Consider f: R — R given by f(x) = 4x + 3. Show that f is invertible. Find the inverse of f.
f: R > Ris given by,

f(x) =4x+3

One-one:

Let f(x) = f(y).

= 4x+3=4y+3

= 4x = 4y

>xX=y

=~ fis a one-one function.
Onto:
Fory€R lety = 4x + 3.

y—3
>x=>— €R
* .

Therefore, for any y € R, there exists x = y_—3 € R such that
4
y—3 y—3
- ()Y
(x) 2 2 ) T3=y
-~ fis onto.

Thus, fis one-one and onto and therefore, f-1 exists.

-3
Let us define g R»Rby (g) = YT

Now, (gof) (x) = g(f(x)) = g(4x +3) = I3 _,

(fog)(y)=f<g<y>)=f(yT‘3j=4[yT‘3j+3:y_3+3:7

~ gof =fog =1y

Hence, fis invertible and the inverse of f is given by

- _ _y—>°
f~1 (y) =gy) = Y

Consider f: Ry — [4, o) given by f(x) = x2 + 4. Show that f is invertible with the inverse
f-1of given fby f~1(y) = \/yTAL , where R+ is the set of all non-negative real numbers.
f: R+ — [4, o) is given as f(x) = x2 + 4.

One-one:

Let f(x) = f(y).




= x% = y?
>x=y [asx =y ER,]
=~ fis a one-one function.

Onto:

Fory €[4, ), lety =x2 + 4.
>x2=y—4 >0 [asy =4]

:>x=\/y——420

Therefore, for any y € R, there exists x = ,fy —4 R such that

f(x)zf(\/y—4)=(\/y—4)2+ 4=y—4+4=y.
-~ fis onto.

Thus, fis one-one and onto and therefore, f-1 exists.

Let us define g: [4, o) —» R+ by,
Now. gof (x) = g(f(x)) = g(x2 + 4) = J(x? + 4) — 4 = /x? = x

And.fog (y) = f(g(y)) = f(y/y— 4) = (\/y—4)2 +4=(y—-4)+4=y
~gof=fog=1Igry

Hence, fis invertible and the inverse of f is given by

fT1y) =gl) =y—4.

Consider f: R+ = [—5, ) given by f(x) = 9x2 + 6x — 5. Show that fis invertible with ¢-1 (y) = L(y +6)_1J
3

f: Ry = [—5, ) is given as f(x) = 9x2 + 6x — 5.
Let y be an arbitrary element of [—5, o).
Lety =9x2 + 6x - 5.
>y =0CBx+1)2-1-5=0CBx+1)?%-6
=> (Bx+1)2=y+6
=>3x+=,y+1 [asy = =5 2y+6>0]
_Jyt+6-1

3
~fis onto, thereby range f = [—5, o).

=X

o\fy 6-1

Let us define g: [-5, ©) —» R+ as g(y)= 3

We now have:

(gof) (%) = g(f(x)) =g(9x" +6x-5)




=g((3x+1)*-6)

JBx+17-6+6-1
- 3

3x+1-1
=— =X
3

and, (og)(y) - f(e(y)) = £~ L2
{5

2
~(Jy+6) ~6=y+6-6=y

- gof = Ig and fog =1 [—5, )

Hence, fis invertible and the inverse of fis given by

6—1
f=1 (y)g(y)=%-

Let f: X = Y be an invertible function. Show that f has unique inverse.

(Hint: suppose g1 and g2 are two inverses of f. Then forally €,

fog, (v) = I, = fog, (y). Use one-one ness of f).

Let f: X > Y be an invertible function.

Also, suppose f has two inverses (say t and g, ).

Then, for all y €Y, we have:

fog, (¥) = Iy(y) = foga(y)

= f (g1(Y)) =f(g2(y))

= g.(y) = g,(y) [fis invertible = fis one — one]

=g, =g [gis one — one]

Hence, f has a unique inverse.

Consider f: {1, 2, 3} = {a, b, c} given by f(1) = a, f(2) = b and f(3) = c. Find f~1 and
show that (f-1)-1=f.

Function f: {1, 2, 3} - {a, b, c} is given by,

f(1) =a,f(2) =b,and f(3) =c

If we define g: {a, b, c} = {1, 2, 3} as g(a) = 1, g(b) = 2, g(c) = 3, then we have:




(fog)(a) = f(g(a)) =f(1) =a

(fog)(b) = f(g(b)) = f(2) =b

(fog)(c) = f(g(c)) =f(3) = ¢

And,

(goD(1) = g(f(1)) = gla) =1

(g0D(2) = g(f(2)) = g(b) =2

(g0D(3) = g(f(3)) = g(c) =3

~ gof = [ and fog= Iy ,where X ={1, 2,3}and Y= {a, b, c}.
Thus, the inverse of f exists and f-1 = g.
~f-1:{a, b, c} = {1, 2, 3} is given by,
f-1@)=1,f4b)=2,f1(c)=3

Let us now find the inverse of f-11i.e., find the inverse of g.
If we define h: {1, 2,3} = {a, b, c} as

h(1) =a, h(2) =b, h(3) = ¢, then we have:
(goh)(1) = g(h(1)) = g(a) = 1

(g0h)(2) = g(h(2)) = g(b) = 2

(goh)(3) = g(h(3)) = g(c) = 3

And

(hog)(@) =h((@) =h(1) =a

(hog)(b) = h((b)) =h(2) =b

(hog)(c) =h((e)) =h@3) =c

~ gohl and hog I, whereX=1{1,2,3}and Y = {a,b, c}.

Thus, the inverse of g exists and g-1 =h = (f-1)-1 =h.

It can be noted thath =f.

Hence, (f-1)-1=f.

Let f: X = Y be an invertible function. Show that the inverse of f-1is f, i.e., (f-1)-1 =f.
Let f: X = Y be an invertible function.

Then, there exists a function g: Y — X such that gof = [Xand fog = 1Y.

Here, f—-1=g.

Now, gof = Ixand fog = Iy

= f-lof = Ix and fof-1=Iy

Hence, f—1:Y - X is invertible and f is the inverse of f-1

ie, (F)-1=f.




1

If f: R - R be given by f(x)=(3-x>)3, then fof(x) is

3 (B) x3 Ox (D) B-x%)

1

f: R - Ris given as f(x)= (3 - X3)5

~fof(x) =f(f(x)) = f[(3 - x3);] —| 55— [(3 33 );J

The correct answer is C.

4 4
Letf: R_{_E} — Rbe a function defined as f(x) = ﬁ . The inverse of f is map g:
X+

4
Range f: R—{—g} — given by

_ 3y i 4
@ g =3—" Iy (B) g(y) 13y

4y 1 3
© g == Iy (D) &(y) T3y

Itis given that f:R — 4 — R isdefinedasf(x) = L
3 3x+

Let y be an arbitrary element of Range f.

4
Then, there exists x € R — {—g} such that. y =f(x).

v 4x
y 3x+4
= 3xy +4y =4x

= x(3—-3y) =4y let us define g: Range f >R — {—%} as g(y)= 44_};
-2y




(g0F) () = g(F(x) =g{3ff LJ

Now,

4x
3x+4 16x 16x

4_3[ 4x j_12x+16—12: 16

3x+4

and&fog)(y)=f(g(y)):f(ﬁ—y3]
—oy

J B 16x _léey
12y +16-12 16
]+4 y+ y

y

4 Rangef

dfog =1
}an

Thus, gis the inverse of fi.e., f-1 =g.

4
Hence, the inverse of f is the map g: Range f > R — {—5}, which is given by

The correct answer is B.




